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SYNOPSIS: A laboratory investigation was carried out into stiffness and damping of sands as sheared in a 
torsional shear apparatus. In the drained monotonic and cyclic loading tests, a particular care was taken of 
the small strain measurements in which the secant stiffness was measured over a wide range of shear strain from 
about 10-e to JQ-2 . Despite the marked differences in the grain size and the sample preparation method among 
the sands, a fairlY good coincidence of the secant stiffness was seen, in common, in the range of shear strain 
less than about 1 x w-s between two types of tests using the monotonic and cyclic loadings. However, the 
response was softer in the monotonic loading tests for the larger strains. It has also been pointed out that the 
damp i n g when ex ami ned i n r e I at i on to t h e norm a I i zed secant s h ear m o d u I us was scar c e I y affect e d bY t h e 
confining pressure, and that the values of damping were smaller than those so far available in the literature. 
INTRODUCTION 
In view of examining elastic properties of soils, it is of 
interest to know whether the secant stiffness at small 
strains is simi I ar for the cases as sheared by means of 
dynamic, static cyclic and monotonic loadings. The 
stiffness and damping of isotropically consolidated sands 
as subjected to dynamic or static cyclic loadings has been 
intensively investigated in the laboratory using, for 
examPle, a resonant-column apparatus, a torsion shear 
apparatus and a triaxial aPParatus (e.g., Hardin and 
Dr nevich, 1972; Iwasaki et a!., 1978, Kok usho, 1980 among 
others). However, the strain levels which may be 
investigated in a resonant-column apparatus are restricted 
to a range from 10-s to J0- 4 . Also it is quite difficult to 
imPose small number of cycles, say less than several 
hundreds, in a controlled manner. In torsional shear and 
triaxial devices, these disadvantages can theoretically be 
overcome, if decent instrumentation is incorporated. 
However, the capability of the strain measurement is 
us u a I I y I a r g e r than 10-4 . 
Teachavorasinskun et al. <1991), using the torsional shear 
apparatus described in this paper, have shown that the 
secant stiffness observed for the range of shear strains 
less than JO-" was similar between the static cyclic and 
monotonic loading tests. Similar results have also been 
obtained from the triaxial tests <Shibuya et al., 1990a and 
1990b). It has also been pointed out that, using the 
measured values of initial stiffness and peak strength, the 
hyperbolic function Proposed by Kondner <1963) 
overestimated the stiffness of Toyoura sand as 
monotonically sheared and it fitted the stress-strain 
relation well as cyclically sheared. 
This paper presents the results of drained monotonic and 
static cyclic torsion shear tests Performed on four kinds 
of anisotroPicaiiY consolidated sands. In these tests, the 
shear strains were measured with an accuracy of the order 
of about 10-e <0.0001%>. The interpretation of the test 
results concentrated on the effects of the Pattern of 
loadings, including the results of dynamic loading tests 
available in the literature, on the stiffness and damping 
spanning the wide range of shear strain. 
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TORSION SHEAR APPARATUS <TSAl 
The TSA developed at liS was used for the study. Drained 
simPle shear tests involving no radial and circumferential 
strains were performed on specimens of saturated Toyoura 
sand. The detai I ed aspects of the TSA and the 
computer-based servo-control system have been given by 
Pradhan et al. <1988) and Teachavorasinskun et al. <1991). 
The specimens of other sands were sheared in a fashion of 
torsion shear which involved no control of horizontal 
strains. A relay system was incorporated to accurately 
measure a wide range of shear strain with an accuracy of 
about 1 x 10-6 <Teachavorasinskun et al., 1991). 
SAMPLE PREPARATION 
The results of tests performed on four Japanese sands; 
i.e., Toyoura, Hamaoka, Sengenyama and Onahama sands, are 
presented in this paper. The tests on Onahama sand were 
performed by Kong et al. (1986). The grain size 
distributions, together with their physical properties are 
shown in Fig.l and Table], respectively. 
A hollow cylindrical specimen having dimensions of 6cm i.d. 
x 10cm o.d. x 20 em high was used for the tests performed 
on Toyour a, Hamaoka and Sengenyama sands, whereas a 
shorter samPle with the height of 10cm was prepared for 
the tests on Onahama sand. The sample Preparation methods 
are shown in Table 2. Each sample preparation method and 
the low pressure levels that applied was in accordance 
with those employed in the model tests ( as an example of 
Toyoura sand, see Tatsuoka et al., 1991). The wet-tamping 
method is described as the air-dried grains were tamped 
inside the hollow cylindrical moulds in five and eight 
layers, for Onahama and Hamaoka sands respectively. The 
water content as the samples prepared was 1.9% for Hamaoka 
sa n d and 0. 5 % o r 1. 9% f o r 0 n a ham a sa n d . T h e dens i t y of 
air-pluviated Toyoura sand specimens was controlled by 
having different, but fixed, free fall heights during the 
preparation. The SPecimens of Sengenyama sand were 
prepared in four lavers by spooning dry grains through 
water into the hollow cylindrical moulds. The density was 
controlled by applying vibration, in each layer, by means 
of taping the side of the outer mould. 
All the specimens were subjected to a suction of 0.05 
kgf/cm"', and the initial void ratio, eo.os, was measured. 
Except for Onahama sand, the specimens were 
anisotropically consolidated to reach the prescribed value 
~ f[ ,.,,-·· 
80 I 60 
i I 40 --Hamaoka ~~II -- Toyoura 
20 
-- Onahama 
_I --·-- Sengenyama 
0.010.02 0.050.1 0.2 0.5 1 2 5 fO 20 50 100 
Grain size (mm) 
Fig.1 Grain size distribution of the sands tested. 
Table 1 The physical properties of testing materials 
Hamaoka Toyoura Onahama Sengenyama 
D6o (mm) 0. 313 0. 164 0. 140 0.346 
D5o (mm) 0. 237 0. 160 0. 185 0.310 
DIO (mm) 0. 165 0. 114 0. 176 0. 155 
Uc 1. 890 1. 520 1-32 2. 06 
FC (r.) 0.8 0. 0 0. 24 0.60 
Gs 2.663 2.640 2. 710 2. 71 
em ax 0.899 0. 977 0.970 -
emln 0.608 0.605 0.620 -
Table 2 Sample preparation methods 
Sands Preparation methods SPecimens 
Conso I i dati on 
Hamaoka Wet-tamping (8 lavers) wet 
w= !.8-!.9" AnisotroPic 
Toyoura Air-pluviation Saturated 
AnisotroPic 
Onahama Wet-tamping (5 I ayers) wet 
w=0.5% and !.8-1.9% !sot r o pic 
Sengenyama under-water vibration Saturated 
(4 lavers) AnisotroPic 
N.B.; w: water content as prepared. 
of axial stress, a During the anisotropic 
consolidation, the value of K (= a .I a .) (c.f., a .: 
radial stress) was fixed at the values of 0.5 and 0.375 for 
Hamaoka and Sengenyama sand, respectively. In each test 
of Toyoura sand, the value of K was taken as 0.52 x eo.oe 
which gives rise to approximately Ko conditions for the 
sand (Qkochi and Tatsuoka, 1984). The overconsolidated 
specimens of Toyoura sand were prepared by reducing both 
a • and a ., from a common stress point at a .= 2 
kgf/cm 2 , by having the value of K equal to 0.52 x eo.o" x 
(0CR) 81 n ¢. For unsaturated specimens of Hamaoka and 
Onahama sands, the confining pressurf, was applied by means 
of a Partial vacuum. 
The monotonic load1ng tests were carried out at the fixed, 
but different, value of a using a constant shear 
straining of 0.01 %/min .. In the static cyclic loading tests, 
the stage-cyclic loadings were applied, under a constant 
a ., in a manner that the cyclic shear strain amplitude was 
increased in steps using a sinusoidal cyclic shear stress 
with a frequency of 0.1 Hz. Although the volume change of 
the vacuumed specimens was not directly measured, the 
current radii of the specimens were estimated based on the 
relationship between the stress ratio, -r .,; a ., and the 
volumetric strain which was obtained from the other 
monotonic loading tests performed on a saturated specimen 
with the similar void ratio and the same initial stress 
conditions. 
COMPARISON OF SECANT STIFFNESS AS SUBJECTED TO 
MONOTONIC AND CYCLIC SHEAR 
In this paper, a distinction is made for the dynamic and 
static cyclic loading tests which implicitly refers to the 
resonant column and cyclic torsional tests, respectively. 
However, the term 'cyclic loading test' implies both the 
tests. 
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Figure 2 shows the relationshiP between the shear stress 
and shear strain obtai ned from the monotonic loading tests 
of I oose (eo.os=O. 783) and dense (eo.os=0.696) Toyour a sand. 
In Fig.2(a), two different scales are used. Note that, in 
these tests, the axial stress was kept constant at 2.0 
kgf/cm 2 and the values of mean effective stress, p'=( a ,+ 
a z+ a ,)/3, were 1.21 and 1.15 kgf/cm 2 for tests MTS28 and 
MTS09, respectivelY. As can be seen in the figure, the high 
accuracy in the shear strain measurement, together with 
the sufficient number of data points, enabled the maximum 
shear modulus, G~·N' to be objectively determined for a 
range of shear strain less than about 7 x tQ- 15 • 
A comparison of the stress-strain relations between the 
two specimens of Hamaoka, Tovoura and Sengenyama sands as 
subjected to the monotonic and cyclic shear is made in 
Fig.3, in which the stress-strain relation of the monotonic 
loading test is compared to the relationship between the 
single amplitude shear stress, d -r s.o.' and the single 
amplitude shear strain, d( r .,)s ... , obtained from the 
cyclic loading test. In these tests, the specimens were 
sheared at the same axial stress of a • = 2.0 kgf/cm 2 . 
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DesPite that the specimen subjected to the monotonic shear 
was slightly denser, it was apparent that the response was 
softer in the sPecimen subject to the monotonic shear than 
in the cyclic shear. The tendency was more obvious at 
larger shear strains. Similar results have also been 
observed in the tests using dense Toyoura and Hamaoka 
sands CTeachavorasi nskun et at·' 1991l. 
The secant stiffness of the monotonic and cyclic loading 
tests, Gaec = -z: I r et and G.q = d -z: sAid( r etlsA' is 
examined in relation to the corresponding shear strains 
using a logarithmic scale <Figs.4 and 5). In Fig.4, the solid 
line represents the results of cyclic loading tests, in 
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Fig.3 Relations of shear stress and shear strain, (a) 
Hamaoka sand, (b) Toyoura sand and (c) Sengenyama sand. 
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which the relationshiP was obtained ustng a 
resonant-column and a torsional shear for d( r .tlsA less 
t han and I a r g e r t h a n 10-4 , r e s P e c t i v e I y ( I was a k i e t a I . , 
1978). The values of G.q at shear strain corresponding to 
10-e, which is denoted as <G.q)a, in the cyclic loading test 
were 1010 and 1340 kgflcm 2 for the cases of loose and dense 
specimens tested with p' 1 kgflcm 2 , respectively. 
Provided that the value of (Gaqlo increases in proportion 
to the power of 0.4 for p', the corrected value of G.q 
becomes pretty close to and slightly larger than GmaK of 
the monotonic loading tests in the cases of the loose and 
dense specimen, respectively (for GmaK values, see Fig.2). 
In Fig.5, the comparison is made in terms of the stiffness as 
subjected to the static cyclic shear and monotonic shear. 
In the case of tests on Sengenyama sand (Fig.5c), the effect 
of difference in density is corrected by assuming that the 
secant shear modulus is proportional to the function of 
(2.17-el2 1(1+e) <Hardin and Richart, 1963). Note that, for 
all the tests, the secant stiffness at shear strain level at 
about 10-e was almost the same for two specimens subjected 
to the monotonic and static cyclic shear. Futhermore, in 
the case of tests on Toyoura sand which include the 
results of dynamic loading test <Iwasaki et at., 1978), it 
may be seen that the secant shear moduli at shear strain 
level of 10-6 were close to each other among the 
monotonic, static cyclic and resonant column tests. 
Another comparison of the stiffness between the monotonic 
torsional simple shear tests and the cyclic loading tests 
(the static cyclic loading tests plus the results by Iwasaki 
et at., 1978) is made, for the same void ratio and the mean 
principal stress, in Fig.6, In this figure, the secant 
1500r------------------------; 
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Fig.4 Comparisons of secant shear moduli for specimens of 
Toyoura sand, (a) loose specimens, (b) dense specimens. 
moduli of Toyoura sand are directly compared at various 
strain levels. Note that the secant moduli coincided with 
one to the other at shear strains less than 2 x 105 
irrespective of the overconsolidation ratio up to four. 
However, the difference in stiffness between two types of 
tests was less significant for the overconsolidated 
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Fig.5 A comparison of secant shear moduli between 
monotonic and cyclic loading tests, (a) Hamaoka sand, (b) 
Toyoura sand and (c) Sengenyama sand. 
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The results of Hamaoka sand are shown in Fig.7, in which 
the secant moduli normalized by <2.17-e) 2 /(1+e) are plotted 
against p'. As can be seen in this figure, the values of p' 
spanned between 0.027 and 0.54 kgf/cm 2 for the ranges of 
eo.os between 0.61 and 0.63. Like the other kind of sands, 
the unsaturated sPecimens exhibited similar trends in that 
the secant moduli were almost the same at r •• equal to 
10-e (i.e., <Ge .. lo =.G.,.,.) and that, at large strain levels, 
the stiffness in the cyclic loading tests was higher than 
that of the monotonic loading tests, irrespective of the 
mean stress. 
SHEAR STRAIN DEPENDENCY OF SECANT STIFFNESS AND DAMPING 
AS SUBJECTED TO CYCLIC SHEAR 
The results of static cyclic loading tests are herein 
examined. The hyperbolic stress-strain relationship can 
be con v en i en t I y denoted i n the f o I I ow i n g form. 
Ge.,/G.,.,. = 1/ {l+<rlro.sl} (1) 






Shear Modulus from Resonant Column Test (kscJ 
DENSE TOYOUF£4 SAND SPECIMENS ~-_y 
~ <e:::: 070) (y) -e -"--1 ::~ ""0-:j 
BOOt ~ .{, 2! 10_, I _._ 
600 10-~ / / lo-1 
\ \~ / .. " w""' \ ' .. / /l ... 
~,.t:. 5x 10 
Symbol p'(ksc) OCR 
. 1.15 1 
.. 0 97 1 




Shear Modulus from Resonant Column Test (k.scJ 
Fig.6(a) Comparisons of secant shear moduli between the 
monotonic and resonant column tests <Toyoura sand) for 























(0' :a 0.5 I'.:SC.l 
-· 2 X 10 
o Cyclic loading {p'-Q.97 k:sc) 
Snt:~ar Modulus from Resonant Column Tt:~st (kscJ 
Oenee Samplee 
(y) ----~-------5 X 10-
• OCR. 2 (p'- 0.7 kSC) 
0 
"'OCR • 4 (p' • 0.5 ksc) 
.~~o~ 
.:.,...----=0 ,.--,."'J o Cyclic loedtng (p'•1 0 k:sc) 
Shear Modulus from Resonant Column Test (kscJ 
1400 
Fis.6(b) Comparisons of secant shear moduli between the 
nonotonic and resonant column tests <Toyoura sand) for 
over-consolidated specimens, (1) loose specimens (2) dense 
sPecimens. 
The symbol of r o.s refers to the shear strain at the 
value of Geq/GmaK equal to 0.5. Note thaL if r 0.3 is 
equal to the reference strain, r r = GmeK/ -r meK' the 
Eq_(l) coincides with the original hYPerbolic equation, 
which is; 
The stress-strain relationship represented 1n Eq.(l) is 
convenient for practical use since it simply requires the 
value of r o.s, whereas the relation expressed in Eq.(2) 
needs two parameters. 
Figures 8 and 9 show the relationship between the 
normalized secant shear modulus, G.q/(G.q)o, and d( r 
•• )sA for Hamaoka and Onahama sands, respectively. In 
Fig.8, the results of monotonic loading tests are also 
shown for comparison. In these figures, the hyperbolic 
relationship is shown using a dashed curve. Note that (i) 
the measured relationship was stable for the specimens 
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Fig.8 Relationship between the normalized secant shear 
moduli and r I r o.s for specimens of Hamaoka sand. 
the kind of sands, the wide range of confining pressure, 
sample preparation method and the degree of saturation, 
Cii) the stress-strain relationship can be approximately 
modelled by using the hyperbolic function shown in Eq.(1). 
The values of r o.!5 are plotted against p' in Fig.10. It 
should be noted that the values of r o.s increased asp' 
increased <see the equations shown in Fig.lO). In the case 
of cyclic loading tests, due probably to the difference in 
density, the values of r o.5 at simi Jar p' were larger in 
the case of Onahama sand than Toyoura and Hamaoka sands 
(i.e., 0,=11% and 35% for Onahama sand <Fig.9), and 0,>90% 
for Toyoura and Hamaoka sands). The values of r o.5 were 
smaller in the monotonic loading tests than the cyclic 
loading tests for similar p' (Fig.10l. It has been reported 
that the hyperbolic stress-strain relationship using the 
measured GmaK and -r (Eq.(2)) drastically 
overestimated the stiffness of Toyoura sand as subJected 
to monotonic shear. 
The damp1ng characteristics can be seen in Figs. 11 and 12, 
in which the coefficient of hysteresis damping, h, 1s 
plotted against d( r atlsA. In the case of Hamaoka sand 
(FJg.11), the effect of the confining Pressure was obvious 
in thaL in the region of d( Y atlsA less than about 1Q-3, 
the value of h decreased as the confining pressure 
increased, whereas the effect was not significant for the 
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Symbol Sand Apparatus Loading 
A Hamaoka Torsional shear Cyclic 
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The relationshiP between 'h' and G.qi(G.q)o is shown in Fig.13, in which the results of the four sands are 
separatelY presented. Figure 14 shows the average curves 
,together with some other experimental and theoretical 
relationship so far proposed. It should be noted that, 
when the damping is examined in relation to he stiffness, 
the relationshiP is scarcely affected by the confining pressure (Fig.13). The damping of sands proposed in the past, based on the theoretical and experimental investigations, seems to be larger than those measured in the present study. ·Most likely, this may be owing to the poor measurement of shear strain in the previous study. The difference in the value of 'h', say as much as twice, 
wi II lead to significant error in estimating seismic ground 
motion using seismic response analysis. 
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Fig.12 Coefficient of hysteretic damping versus shear 
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Fig.l3 Relationship between the normalized shear modulus 
and the coefficient of hysteretic damping, (a) Hamaoka 
sand, (b) To your a and Se ngeny am a sands and (c) Onah am a 
sand. 
CONCLUSIONS 
1. For a range of shear strain less than about 7 x 10-", the 
secant stiffness of the sands was scarcely affected by the 
type of dynamic, static cyclic and monotonic loadings. 
Hence the shear modulus in this small strain region is 
elastic. 
2. In the cyclic loading tests, the relationshiP between 
Gaq/(Geqlo and r I 7 o . ., was scarcely affected by the 
kind of sands, sample preparation methods degree of 
saturation and the confining pressure. 
3. The relationship between G.q/(G.qlo and the damping was 
also unaffected by the confining pressure. 
4. The damping of sands proposed in the past appears to be 
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( 1) Modified H-D Model 
(2) R-0 Model (h .. ,0 ,=0 3) 
(3) Toyoura Sand (Iwasaki et al. 1978) 
(4) Ban-nosu Sand (iwasaki et al., 1978) 
(5) Ottawa Sand (Shelif et al..1977) 
(6) Seed et al.,1970 
(7) Clean Dry Sand (Hadin et al.. 1972) 
-x-- (8) Clean Saturated Sand (Hardin et al.. 1972) 
-I:>- (9) Toyoura sand (this study) 
-[J- ( 10) Onahama sand (this study) 
-·-
( 11) Hamaoka sand (this study) 
-·-
( 12) Sengenyama sand (this study) 
Fig.l4 Comparison of theoretical and experimental 
relationship between the normalized shear modulus and the 
coefficient of hysteretic damping. 
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Appendix : 'Relay' system used to measure shear strain of 
the hollow cYlindrical specimen. 
The shear strain, r •t• of both the monotonic and static 
cyclic loading tests peformed on Hamaoka, Toyoura and 
Sengenyama sands were measured us1ng a relay system 
(Fi g.A-1). It incorporates two proximity transducers. with 
the capacities of a 4 mm and a 8 mm. together with the 
potensi ometer. The reso I uti on of the proximity 
transducers decreases in proportion to the capacity. The 
'Relay' measurement is such that, as shear strain 
increases, the measurement is relayed in sequence of a 4 mm 
proximeter, a 8 mm proximeter and the potensiometer for 
the ranges of shear strain ( r •t) corresponding 
respectively to less than 0.3%, less than about 1%, and 
more than 1%. The resolution of a proximity transducer 
with a 4 mm capacity "is 0.4 /.1- m in the current system. 
This enables the shear strain to be measured by an 
accuracy of 10-". Therefore, by having the 'Relay' system. 
it is possible to measure the shear strain for a wide range 
between 10-e and 10-•. 
PLAN VIEW 
SIDE ELEVATION 
Fig. A-1 
hollow cylindrir:nl 
specimen 
